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Delayed PD Feedback Guaranteed Cost Control
For Master—Slave Synchronization Of Variable
Fractional-Order Lur’e Systems

Zahra Sadat Aghayan'*

Abstract: This paper proposes a guaranteed cost proportional-derivative (PD) feedback strategy for synchroniz-
ing master—slave variable fractional-order Lur’e systems (VFOLSs) when the systems are subject to input time
delays. The design ensures both asymptotic convergence and a guaranteed upper bound on the cost perfor-
mance. Based on linear matrix inequalities (LMIs) and the Lyapunov—Krasovskii stability approach, sufficient
criteria for synchronization are presented. The effectiveness of the proposed control approach is demonstrated
via simulation results, which also confirm its practical applicability.
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I INTRODUCTION

The issues of synchronization and control of chaotic
systems have attracted considerable research interest ow-
ing to their broad applicability in chemical processes, se-
cure communication systems and information technol-
ogy []I-[5]. In the context of secure communication,
identical chaotic systems are adopted at both the trans-
mitter (master) and receiver (slave) ends. The origi-
nal signal is first encrypted by adding it to the system’s
chaotic output at the transmitter. Subsequently, the sig-
nal to be transmitted is retrieved at the receiver by sub-
tracting the chaotic output, thereby recovering the orig-
inal signal through decryption. However, for this pro-
cess to yield successful and secure communication, the
chaotic subsystems at the transmission and reception
ends are required to be in complete synchronization. To
date, several methods for synchronization have been es-
tablished, including complete [§], lag [[7], projective [§],
and projective lag synchronization [9]. The Lur’e dy-
namical systems are a major class of nonlinear systems,
defined by the combination of a linear dynamics in the
forward branch and a sector-bounded nonlinearity in the
feedback branch [[l0]. Consequently, the problems of
Lur’e system chaos control and synchronization have re-
ceived substantial research attention in recent years [[1 1/]—
[13]. Meanwahile, time delay is an inherent phenomenon
in real-world implementations and is known to render the
dynamical behavior of systems considerably more com-
plex [[14, [15]. Recognizing this, the authors of [[1§] inves-
tigated the influence of time delays on the synchroniza-
tion of Lur’e chaotic systems. Since then, time-delayed
chaos synchronization in Lur’e systems has been exten-
sively reported by numerous researchers.
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Fractional-order (FO) calculus has emerged as a promi-
nent research topic over the past several decades, ex-
periencing rapid theoretical and practical advancements
[17]-[22]. This sustained interest stems largely from its
distinct advantages over classical integer-order calculus,
particularly in reflecting the memory behavior and inher-
ited characteristics in dynamical systems. As a recent de-
velopment, variable fractional-order (VFO) calculus has
emerged as a generalization of the constant-order frac-
tional framework and has gained considerable attention
across a diverse range of disciplines, including materials
science, chemistry, and electrochemistry, among others
[23]-[25]. For instance, variable-order differential equa-
tions have been employed to characterize the history-
dependent drag expression in certain physical processes
[26, 27]. A key advantage of VFO calculus is having an
adaptive memory for describing nonlinear phenomena,
which is a valuable tool for simulating spatial or tempo-
ral correlation phenomena [2§].

FO Lur’e system synchronization has attracted consid-
erable interest in the literature [29, 3(]. Notably, the pre-
vious findings are not generally valid for VFO systems.
The master—slave synchronization of variable fractional-
order Lur’e systems (VFOLSs) has also received little
attention so far, which forms the central motivation for
this paper. A wide variety of theoretical and experi-
mental methods have been established for synchroniz-
ing chaotic systems, including linear and active feed-
back [31]], adaptive [32] and impulsive [33] control, back-
stepping [34], and sampled-data control [35]. The guar-
anteed cost control concept, pioneered by Chang and
Peng [36], provides a framework for constructing a con-
troller that ensures robust stabilization of systems sub-
ject to uncertainty, while ensuring a prescribed level of
performance. This methodology has recently been ex-
tended to integer- and FO systems [37]-[40]. Consider-
able research interest has been devoted to chaotic phe-
nomena in FO systems, especially regarding synchro-
nization problems. Several methods have been proposed,
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including an adaptive scheme [#1], sliding mode control
[A2], and a linear feedback control [#3]. Owing to its con-
ceptual simplicity and well-established parameter tun-
ing rules, the proportional-integral-derivative (PID) con-
trollers and their extended forms have become common
tools in addressing master-slave synchronization prob-
lems [44, 45]. In particular, the proportional-derivative
(PD) controller offers the advantages of fast transient re-
sponse and improved system stability, making it a partic-
ularly attractive choice for the problem under considera-
tion [46]-[48]. Finally, to the best of our knowledge, this
is the first work that simultaneously addresses VFO, in-
put delay, guaranteed cost PD control, and synchroniza-
tion of Lur’e systems in a unified framework, a combi-
nation of features not reported in the existing literature
[49, 50]. Here, the symbol * marks the symmetric com-
ponent of a matrix, Amax(X) gives the maximum real
eigenvalue part, and (-)7 denotes transposition. The no-
tation © D" is used throughout this paper as a shorthand
for the variable-order Caputo derivative € D> (*)

II MATHEMATICAL FOUNDATIONS

Definition 1 [51]: For 0 < v < 1, The Caputo definition
of the VFO derivative for x(¢) is given by:

Cqyv _; ! _ -V,
Z)x(t)—r(l_v)/o (t— )" (0)do

in which I'(9) = fom t9=1e~"dt represents the Gamma
function, and x(7) is continuous throughout its domain.

Definition 2 [S2]: The concept of guaranteed cost con-
trol is defined as follows. If a positive scalar J* and a sta-
bilizing control input u* () can be found such that J < J*,
then u*(¢) is termed the guaranteed cost controller and
J* is the corresponding guaranteed cost bound.

Lemma 1 [53]: Define Z(f) € R" as a differentiable
vector-valued function with v € (0, 1), The following
relationship holds:

CONZT()PZ(1) <2Z" () ¥(CDYZ (1))

where W is an n X n symmetric positive definite matrix.
Lemma 2 [54]: Let @, ©,, and ®3 be given matrices,
where ®; = ;7 and ®, > 0, then ©; +037 0, 7'©3 < 0
if and only if

0,
(C)
Lemma 3 [55]: The following inequality, which will be

used in the stability analysis, holds for any vectors a and
¢ in R”, and for any positive definite matrix Q :

T —
©; )<Oor(®2

03
0
vy )<

[CICH

+2a’6 <a'Qa+6"Q7's
Lemma 4 [56]: For the time delay VFO system
COYX() = f(1,X))

with X, (o) = X(t + o) for =, < 0 0,0 < vpip <
V < Viax < 1, the equilibrium piont X = 0 is asymptot-
ically stable if there can be found a Lyapunov function

V(t) and class-K functions 1, ¢, and 93 for which:
(XD < V(@) < (X))

DV <= (IXDI), 0=t

II1

We introduce the following master and slave systems,
respectively, regarding the synchronization of VFOLSs.

STATEMENT OF THE PROBLEM

D (1) = An(t) + HF (Dn(1))

Master : {n(t) = ¥, (2), t€ [—u,0] )
q(1) = Cn(1)
CDYY (1) = AY(t) + HF (DY (1)) + u (1)
Slave : 1Y (t) = ¢5(t), te[-u,0]
p () =CY(1)
(2)
with a delayed feedback PD control
u(t) =Ko (“D"q (t =) = “D"p(t =) (3

+Ki(q (t—p) - p(t—u)

where 0 < Vpin < v < vmax < 1, the master has state
n(t) € R™ and output ¢(¢) € R™, while the slave is de-
fined by state Y (z) € R" and output p(¢) € R™. The
system matrices A € R™" H € R"™" D e RN
and C € R™ " are given constant matrices with suit-
able sizes. The control law u(t) € R” is applied to the
slave system, and the controller gains are represented
by K1, K> € R"™!. The initial function is specified as
w(t) € C([-u,0],R™), where u > 0 denotes the delay.
The nonlinearity F(-) : R™ — R" is assumed to be
a diagonal mapping, where each entry ¥;(-) satisfies a
sector constraint in the interval [0, k;]. More precisely,
for any a, b and for each j = 1,2, ..., ny,, we have:

0 < Fila) - F;(b) <
a—->

where j = 1,2,...,¢. Let e(t) = Y(t) — n(t) denote

the master-slave synchronization error. Accordingly, the

synchronization error dynamics are described as:

kit “

CDYe(r) = Ae (t) + Hg(De (1),1(1))
—K\Ce (1 — p) — KrCEDYe (t — p)

(&)

where the nonlinear function g(De (1),n(t)) =
F(Dn(t) + De(t)) — F(Dn(t)) holds the interval
[0, kj] . Then, we have

< Fi(D;(e (@) +n(0)) - F;(Dn®) _ Kt

0 Dj@ (t) -

(6)

where D je (t) #0,j = 1,2,...,¢, and D represents
the j-th row of D. From (E), we directly get:

gj(Dje(1),n(1) [g;(Dje (t),n(t) —k;*Dje ()] <0
7



We choose the following cost function to be minimized:

1

=T

b
/O (®-5)"" (" ()Q1e(s) ®)

+ uT(s)qu(s))ds

where b > u > 0 is a given parameter, and Q, Q, are
positive definite symmetric matrices of appropriate di-
mensions. The objective is to develop a PD controller of
the form (B) that enforces asymptotic tracking of the mas-
ter trajectory by the slave system, thus ensuring master-
slave synchronization for the FOLSs in () and (E). The
task reduces to finding gain matrices K; and K, thus the
system becomes asymptotically stable, meaning the er-
ror (E) tends to zero over time and the cost function (E)
satisfies the requirement of Definition 2.

IV STABILITY CRITERIA

In what follows, we propose a guaranteed cost control
strategy to stabilize the error state equation (f§).
Theorem: Let us consider the error dynamics (E) asso-
ciated with the cost matrices that are symmetric and pos-
itive definite Q| € R™" and Q, € R™™ asin (E).For
given scalars g, vi = vpin and v, = min{vy,, (1 —
Vmax) }» prescribed matrices K = diag{ky, ..., ky, }, pos-
itive scalars €y, €, €3, and a positive constant A, we as-
sume the existence of a matrice P € R™ " that is sym-
metric and positive definite , a positive diagonal matrice
T = diag{t,...,t,,} € R™" and matrices X € R"™"
and Z € R™" of suitable sizes satisfying
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where I'}| = ﬂﬁ + PﬂT, I'p;=-X+ pﬂTfl, I'; =
HT+PDTK, Ty = PA e, T'15 = —~Z+PAT €2, =
—€1X —Xrél, F24 = —Elp - XTE3,F25 = —EIZ—XTéz,
T3 = TH €3, Ty = —2Pe3, Tus = —Pey — e3Z, and
I'ss = —exZ — ZT €. The proposed guaranteed cost con-
troller (B) is designed with gain matrices

K =xpP-'cT(cc)™", k»=zp'cT(ccT)™

(10)
and the resulting guaranteed cost bound is computed as
J* = Amax (P ly |1 oy

Proof: Consider the Lyapunov function
V(1) = el (1)Pe(t) (12)

Taking the fractional derivative of () using Lemma
1 yields:
CDV(t) +e" (1) Qe (1)
+ (KiCe (1 = p) + KxCEDe (1 — ) Qs
X 0>(KiCe (t — ) + KoC D e (t — p))
< 2eT(1)PK Ce (t — )
+2e T (1) PAe (1)
+2e T (t)PHg(De (1),n(1))
—2¢T(1)PK,CEDe (1 — )
+e'(1) Qre (1)
+ e’ (t - ) (Ki1C) Q2 (KiC) e (1 — )
+e! (1 = ) (K1C) 02(K2C) CDYe (1 — p)

13)

' I, T T Iis PO 0 0 Cqyv,T T T
_ +-D t—u)C' K KiCe (1t -
e Ty eHF Tn Dn 0 T T . eT( H) ) 2T 02K, Z( )
x o« 2T Ty TH'e 0 0 0 +°DVe (1 - p)C K" Q2KrC ™ DYe(t — p)
oo * Py Tius 0 0 0 From (B), the following expression holds
o * * Iss 0 0 0 T Cqyyv, T Cqyv, T
* * * * * -0 0 0 20 (t-pea+-"D'e (t-we+-D"e (1)e)P
-1
oo e O (<CDYe () + Hy(De (1), 7(1)
* * * * * * * A7
I * * * +Ae (1) — KiCe (1 — ) — KxCEDYe (t—y)) -0
* * * * * * * * From (B), for any diagonal positive matrix,
©) Z[eT(I)DTKTg (De (1), (1))
0 0 uVZVI‘IPﬂT ;1"21/1‘115 T
0 0 i o = §" (De (1),0(1) Tg (De (1),n(1) | 20 15)
0 0 wevi THT 0 holds. In addition, for any real matrices Ry», Ri; = Ry; 7
0 0 0 0 and Ry, = Ry,7, that satisfy
ZTQZT ZT —,LlV2V1_IZT 0 X R
0 0 0 0 <o R:( 1 R”)zo (16)
0 0 0 0 o
0 0 0 0 we have
—Al 0 0 0
* -0y 0 0 vay, —IAT ! V=1 AT
. . v 0 u2viT A (t)RA(t)—‘/I_M (t=k)"""A"()RA(t)dk > 0
* * * —/1"21/171] (17)



Zahra Sadat Aghayan Guaranteed Cost Synchronization of VFO Lur’e Systems 4

where AT(1) = [eT(1), DeT(1)] . To simplify the cal-
culations, let R11 = Ry = I, R1p = 0. Integrating ()

with (14), (13) and (17) yields

CDYV() + el (1) Qe (1)
+(KiCe (t — ) + KxCCDYe (1 — )"
X 02(KiCe (t = ) + K2C “D”e (1 — )
<2e’(1)PHg(De (1), n(1))
+2e T (1)PAe (1)
—2eT(t)PK Ce (1 — p)
-2 T(1)PK2CED e (1 — )
+e"(1) Qie (1)
+e” (t = W) (K1C)" Q2(KiC) e (t — p)
+el (t—p)(KiC) Q2(KrC) €D”e (t - p)
+CDVe (t — ) CTKT Q2K Ce (1 - p)
+ DT (t — )CTKLT 02KC C DY et — p)
+2eT (1)DTKTg (De (1), (1))
- 2¢" (De (1),n(1)) Tg (De (1),7(1))
—2¢T(t — p)elP€DYe (1)
+2e7(t — p)e PAe (1)
+2¢" (t — p)ey PHg(De (1), 7(1))
- 2T (t — p)er PK Ce (t — 1)
—2eT(t — ) e PKLCEDYe (1 — p)
-2€D"eT (1 - WePCDYe (1)
+2€D%e (1 — werPAe (1)
+2°DVeT(t — wePHg(De (1),1(1))
—2¢DYeT(t — ey PK Ce (1 — 1)
—2€D"e (1 - W& PK:CCDYe (1 — 1)
—2DYeT(1esPCDYe (1)
+2¢D"eT (1) esPAe (1)
+2¢D"eT(1)esPHg(De (1), (1))
-2¢D e (1)esPK Ce (t — )
—2°DYe T (1)esPK2,CEDY e (t — )
+u”vi Vel (1)e(r)
+ v el (AT Ae(r)
+u”vi~ e () AT Hg (De (1), (1))
— vt () ATK Ce(t - )
— 1”2y el (D ATKCE DY e(t — p)
+u”vi "' g" (De(t),n(1)) H' Ae(1)
+u”vi g (De(t). (1)) H Hg (De (1), n(1))
— v~ g" (De(t), n(1)) H K\ Ce(r — )
— v~ g" (De (1), n(1) H' K2CC D e (1 — p)
— v~ (1 = ) (K,C)T Ae(1)

=il (1 = ) (K1C) Hg (De (1), (1))

+ v e (1 - ) (K1 C) K Ce (1 — )

+ v e (1 - ) (K1C) T KaCC DY et — p)
-7 DYl (1 - 1) (K2C) T Ae(r)

— v 7' DYl (1 — 1) (K2C) Hg (De(1).n(1))
+u”v 7' DYl (1 — 1) (K2C) K Ce(t — p)

+ 1217 DY el (1 = ) (K2C)TKLCE DY et — )

- / t (t — k)" 'AT ())RA(1r)dk
o (18)
Applying Lemma 3, it yields
el (1 = m)(K10)" Q2(K2C) “DYe (1 = pr)
+€D%e" (t - WC KT Q2K Ce(t — p)
<e'(1 - wC K" AK Ce (1 - p)
+ D% (1 = )C K" 02T A7 02KaC “DYe (1 - )
(19)
Integrating () with () yields
COV(t)+ el (1) Qre (1)
+ (KiCe (t — ) + K2CEDYe (1 — )"
X Q2(K1Ce (1 — ) + K2C “D”e (1 — )

<ol (1) Qw (1) —/t (t — k)" 'AT(1)RA(1)dk
t—p
(20)

where

@' (=] e"(0) e"(t—p) g'(De(n).n()
CDVET(I) CDveT(t_#) ]

(2D
Q Qp Q3
Qo elPW—/lVZV]’l(K]C)T?‘{
Q=] = % 2T + v " HTH (22)
* k k
* %k %k
ATesP Qs
Qo4 Qs
WTE3P (}{T€2P - ﬂvzvlfl(}‘{TKQC <0
—263P —€2P - E3PKQC
* Qss
with Q@ = PA + AP + Q1 + v~ 1 +
ﬂvzvlflﬂTﬂ, Qi = -PKC + ﬂTQP -
w?vi'VATK C, Q3 = PH + DTKT +
w2y VATH, Qo) = (KiC) 0x(KiC)  +

CTK\TAK,C - €, PK.C + ﬂV2V1_1(ch)TK1C,QQ4
—e P - CTK1T€3P, Qr5 = - PK,C — (ch)TQP +
w2 KiC)TKLC, Q55 = —&PK>C — CTKTer P +
(K20)T0"A7102(K2C)  + (K20)T02(K2C) +
w2vi N (K,C)T K, C.



Using Lemma 2 results in

O B0 O Oy (CIF 0, 0
x  Opn ePH Oy 025 0 (K07
% * 2T HTesP HTe;P 0 0
* * * —2e3P Bys 0 0
* ® s * Os5 0 0
* * * * * -0 0
* * * * ® * -0,
* * % %k % * %
* * k 3k k * k
k * k k k k k
* 3k % %k % * %
(23)
0 0 0 w2y AT
(Ki0)" 0 0w N(KiO)T
0 0 0 w2y Y HT
0 0 0 0
0 (K20)70" (K20 =i TH(KR0)T
0 0 0 0
0 0 0 0
-a! 0 0 0
* -A 0 0
k % —Qz_l 0
* * * —,u"Zvl_II

where Oy = PA + ATP + v, "'1, 0, = —-PK,C +
Al P, ©13 = PH + DTKT, 014 = Al &3P, ©5 =
—PK2C+3{T€2P, 0y = —ElPK1C—(K1C)T61P, Oy =
—e P - CTK1T63P,@25 = —¢ PK,C - (ch)TEQP,
Oys —-eP - esPK,C, and Oss -6 PK,C -
(K>2C) e, P. Multiplying (@) from the left and right by
diag{P~!, P~ 7", P~ P~ I,1,1,1,1,1}, and defin-
ingP=P ', T=T"!,X=KCP',and Z = K,CP~!.
Then, using Lemma 2, the condition (E) is established.
Applying Lemma 4 ensures asymptotic stability of the
error system B). Finally, combining (@), (), and the
control law (é) yields the guaranteed cost bound.

OV <w! (1) Qw (1) — el (1) Qe (1)
—u" (1)Qau (1)

<~ (NQau (1) + " (1) Q1e (1))
<0

where
u” (£)Qau (1) =(KiCe (t — ) + K€ D e (t — )"
X Q2(K1Ce (t — ) + K2CCD”e (1 — p))

Integrating both sides of (@) with order v results

V(h,e D) -V (0,e(0) <-J(u) (25)
AsV(Dh,e(h)) =0, we get
J(u) <V(0,e(0)) = V(h,e (D))
<V(0,e(0)) (26)

< /lmaX(P_l)||¢’”2 =J
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V  SIMULATIONS

The Chua’s circuit is a special case of Lur’e systems
[57], as it consists of a linear part and a sector-bounded
nonlinearity, a structure shared by many chaotic systems,
which is modeled by the following VFO state-space form
for simulation purposes

“O'm =a(m-m-gm))
“D"my=m —m+n3
COD"n3 = b,

27

Consider the state vectors 71, 172, and 773 whose com-
ponents are defined as the capacitor voltages and the cur-
rent through the inductor, respectively. g (1) stands for
the nonlinear characteristic of Chua’s diode, defined ex-
plicitly as:

1
g (m) =mn + 5(””10 =my) (Im+1] =g = 1]).

(28)
(@) is equivalent to the VFOLSs from with
—a (mg —my) —am; a O
H = 0 , A= 1 -1 1], 29)
0 0 -b 0
D=C=[l 0 0.
with m; = —2mg = 0.285, b = 14.28,a = 9, and

F(m @) = (1/2) (fm + 1] = |1 = 1]) belongs to the
sector [0, 1]. First, to evaluate the effectiveness of the
proposed guaranteed cost PD controller, we apply the
design procedure described in Theorem. we set € =
0.01, & = e3 = 0.02. Setting @, = 0.5,Q; = I and
v = 0.1 |tanh(7)| + 0.8 that is, v; = 0.8, v, = 0.1. Using
the parameters ¢ = 0.2 and 4 = 1, we obtain

0.4946 -0.0051 -0.0449
P =1-0.0051 0.0374 0.0329
-0.0449 0.0329  0.4926
0.0125 -0.0015 -0.0027
X =1-0.0027 0.0053 -0.0033
0.0002  0.0031  0.0058
0.0095 0.0001 -0.0025
Z =|-0.0011 0.0069 -0.0054|,T =0.1354
0.0012  0.0027 0.0057

The proposed design procedure yields the gain matri-
ces

Ky =[0.0247 —-0.0054 0.0019]"
K> =[0.0190 -0.0023 0.0039]"

The distinct initial conditions for the master andelave
systems are chosen as 77(0) = [0.2 -0.3 0.2] and

Y(0) = [0.4 0.1 O.6]T, respectively. The actual
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cost achieved by the proposed controller is computed
using the cost functional in Eq. (E). For this example,
the achieved cost is J = 13.5928, while the guaran-
teed bound is J* = 28.5496, confirming that J < J*.
The results are presented in Figs. Figure EI de-
picts the master and slave state trajectories, where it is
clearly observed that the slave states converge to the mas-
ter states over time, confirming the effectiveness of the
proposed synchronization scheme. Figure P illustrates
the chaotic attractors of master and slave systems, respec-
tively, demonstrating that both systems exhibit similar
chaotic behavior and that the slave system successfully
tracks the master dynamics. The synchronization error
resulting from these gains is depicted in Fig. E which
clearly shows that the error converges to zero asymptot-
ically. This confirms that master-slave synchronization
is successfully achieved. Figure @ illustrates the control
input signals confirming the practical applicability of the
proposed controller. Next, to demonstrate the superior-
ity and effectiveness of the proposed guaranteed cost PD
controller, we compared our approach with a relevant ex-
isting method from the literature [29]. The comparison
was performed under identical conditions, including the
same system parameters and initial conditions. Notice
that our method handles VFO v(¢), whereas the existing
method assumes a constant FO. Despite this additional
complexity, and despite the presence of input delay, our
method achieves a settling time of 8 seconds compared
to 10 seconds for the existing method. These results are
illustrated in Fig. E confirm the superiority of the pro-
posed method, even under more challenging conditions.

VI CONCLUSION

The synchronization of VFOLSs in a master-slave con-
figuration has been thoroughly investigated using a de-
layed PD feedback controller. The guaranteed cost con-
trol technique has been employed to derive synchroniza-
tion conditions for the entire system. To validate the the-
oretical results, the design has been successfully applied
to a representative example, namely the VFO Chua’s cir-
cuit. It should be emphasized that the proposed control
design is developed for nominal VFOLSs without para-
metric uncertainties. The robustness analysis against un-
certainties and the determination of the maximum allow-
able uncertainty are not addressed in this paper and re-
main as potential directions for future research.

State 1

State 2

4 Time(s) 6 8 10

o 2

4 6
Time (s)

Figure 1. Master and slave state trajectories.

-05 -0.1

() (b)

Figure 4. Control input signals.

0.4

) e(t)

Time (s)

Figure 5. Synchronization errors for the proposed controller.
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